Abstract: The phase transitions are studied for the D-brane systems with multiple openstring moduli in terms of toric geometry: between the parallel D-brane phase corresponding to the Coulomb branch and the coincident phase corresponding to the Higgs branch. The two separated D-branes on compact Calabi-Yau 3-fold coincide developing the geometric singularity in the corresponding F-theory Calabi-Yau 4-fold in terms of TypeII/F theory duality, and the enhancement of gauge group U (1) × U (1) → SU (2) in terms of gauge theory. For several D-brane system with various closed-string moduli, using the mirror symmetry and the typeII/F theory duality the A-model superpotentials are obtained from the B-model side for the two phases, and the Ooguri-Vafa invariants are extracted from the A-model superpotential. We find the discrete Z 2 symmetry of superpotentials in the two parallel D-branes phase of all the models which is a signal of decoupling of the parallel topological D-branes. Furthermore, the U (1) Ooguri-Vafa invariants for one of the two parallel D-branes are the same as the invariants for the D-brane system with only one Dbrane. However they are different from the SU (2) Ooguri-Vafa invariants corresponding to the two D-branes coincident phase. We present these Ooguri-Vafa invariants for two phases with figures to observe the difference, and find that in two phases the points for invariants form a wave-packet respectively. The wave-packets for coincident phase are higher and wider than ones for parallel phase which means more complicate spectrum structure. This is an evidence of the phase transition between the Coulomb branch and the Higgs branch.
Introduction
In topological string theory, N = 2 mirror symmetry gives equivalence between two geometrically distinct Calabi-Yau compactifications of string theory, namely A-model which is featured by Kahler moduli and B-model which is characterized by complex structure moduli. When D-branes are included, it gives rise to the N = 1 special geometry breaking the supersymmetry to N = 1 and leading to the open-closed mirror symmetry. Similar to the prepotential in the N = 2 supersymmetric situation, the exact non-perturbative holomorphic superpotential that determines the F-term of low-energy effective theory and the string vacuum structure, is available from a B-model computation. The techniques of localization [1] [2] [3] , topological vertex and direct integration relate to N = 1 special geometry [4, 5] are developed for dealing with the computation on non-compact Calabi-Yau manifolds. For more complicate compact Calabi-Yau manifolds, other methods can be found in prior works, such as mixed Hodge structure variation, Gauss-Manin connection [6, 7] , the blow-up method [8] and the GKZ-generalized hypergeometric system for open-closed sectors [9] [10] [11] [12] [13] [14] [15] . In addition the expression of instanton expansion of superpotential on the A-model side encodes the number of BPS states and mathematically it corresponds to the Ooguri-Vafa invariants, which are related to the open Gromov-Witten invariants and can be interpreted as counting holomorphic disks [1] . The algebraic geometric treatments of the open Gromov-Witten theory of a smooth projective variety X depend on the moduli stack M g,h,n (X, C, β) which parameterizes the stable maps from genus g curves with h boundaries and n marked points to (X, C) with image class of the curve β ∈ H 2 (X, C, Z) and with image class of boundaries of the curve being in H 1 (C, Z), where the submanifold C of X is wrapped by the D-branes from the physical viewpoint [16] . When h = 0, the moduli stack M g,h,n (X, C, β) just is the Kontsevich's moduli stack M g,n (X, β) which is a proper Deligne-Mumford stack with projective coarse moduli space [17, 18] . In particular, if X is a point, then M g,n ( * ) just is the Deligne-Mumford moduli stack M g,n of stable curves [19, 20] .
So far, most of computations of superpotentials for the D-brane system with the compact target space are contributed by branes which are described by only one open-string deformation. However, the superpotentials in Type-II string theory have a dual description in the F-theory as the flux superpotentials equalizing the open and closed parameters as the complex structure moduli of the 4-fold for F-theory compactification [21] . This suggests a way to obtain the superpotentials of Type-II string theory compactified on Calabi-Yau 3-fold from the computation on a Calabi-Yau 4-fold compactification of F-theory [9, 22] . We apply it in the two D-branes system taking the advantage that the information of D-branes are totally encoded into the combinatoric data of the 4-fold for F-theory. Remarkably, when D-branes approach to each other, the enhancement of the gauge symmetry on the D-brane worldvolume is equivalent to the appearance of the singularity on the dual 4-fold of the F-theory. A connection between the singularities and non-perturbative enhanced gauge symmetries has been established in [23] . And a similar effect in a exceptional N = 2 compactification with a N = 4 characteristic spectrum has been investigated in [24] . For studying the coincident phase, we construct the corresponding singular 4-folds in terms of toric variety and the superpotentials of coincident D-brane are obtained using the type II/F-theory duality.
The focus of this paper push the study of D-brane system to the more complicate cases which is the D-branes system involving multiple open-string moduli and the parallel/coincident D-branes phase of the system corresponding to the Coulomb branch and Higgs branch of the non-Abelian gauge theory on the D-branes' worldvolume respectively. In three exact model, namely the mirror quintic and the hypersurface in the weighted projective space P (1, 1, 2, 2, 2) and P (1, 1, 1, 3, 3), we study the two D-branes system and calculate the superpotentials near the large radius limit point for the first time. The discrete Z 2 symmetry group of the two parallel D-branes is interpreted as the Weyl symmetry of the non-perturbative SU (2) gauge theory, which acts on the positions of the individual D-branes in the Coulomb branch of the SU (2) gauge theory. We found the Weyl symmetry in the calculations of parallel cases meeting the expectation in terms of the instanton expan- n α Π α (z), (2.3) where γ α is a set of basis for H 3 (M 3 , D). Above superpotential is called off-shell superpotential, since it depends on the open moduli. The on-shell superpotentials can be defined from the normal function point of view [27, 28] which is a special case when the D-branes wrapping on holomorphic curves leading to the critical value dW = 0 of off-shell superpotentials with respect to the open-string moduliẑ. In this paper we focus on the off-shell superpotential.
While the mirror symmetry connects the the N = 1 superpotential W of B-branes wrapped on complex submanifold of a Calabi-Yau threefold M 3 with the superpotential of the A-branes wrapped on the special Lagrangian submanifold of W 3 (the mirror of M 3 ), the superpotential on the B model side is related to the flux superpotential of a F-theory compactification M 4 (a dual fourfold of M 3 ). The superpotentials of 4-form flux G 4 in F-theory compactified on the Calabi-Yau 4-fold M 4 is a section of the line bundle over the complex structure moduli space M CS (M 4 ). It enjoys the name Gukov-Vafa-Witten superpotential [25] which has general form [9, 22] W GV W (M 4 ) = 
The dual relation on the right hand side of this diagram identifies the relative periods of the brane geometry (M 3 , D) with the periods of holomorphic (4, 0) form on the non-compact 4-foldM 4 , as they are governed by the same Picard-Fuchs equations which we would introduce in the subsection 2.3. It is the consequence of the isomorphism between the moduli space M(M 3 , D) of open-closed system and the moduli space M(M 4 ) of the non-compact 4-foldM 4 which depends on the 'closed' moduli only [9] . The following diagram shows the structure of mirror pair (W 4 ,M 4 ).
Generally, the geometry ofM 4 is a elliptic fibration over the 3-fold M 3 [29] [30] [31] , while it's mirror partnerW 4 is a fibration basing on a disk T with fiber a Calabi-Yau 3-fold of type W 3 . However the mirror pair of fourfolds (W 4 ,M 4 ) are non-compact, they have to be compactified to a pair of compact 4-folds (W 4 , M 4 ) for the honest 4 dimensional F-theory compactification. The compact 4-fold W 4 is constructed by a simple P 1 compactification of the non-compact base T ofW 4 , while the compact 4-fold M 4 is the mirror of W 4 and it is dual to the B-brane geometry (M 3 , D).
It is important to identify the image of the large base limit of W 4 in moduli space of the F-theory compactification on the M 4 . Presenting in the diagram (2.7), when volume of P 1 go to the infinity, the corresponding behaviour on the B-model side is the weak coupling limit as the g s go to zero. This limit bring the mirror pair back to the non-compact states, meanwhile give us the D-brane superpotential W N =1 from the GVW superpotential W GV W of F-theory as follows:
The GVW superpotential computes the D-brane superpotentials at the strict limit g s = 0, where most of the degree of freedom decouple from the superpotential sector. The weak coupling limit in fact is a constrict on the moduli space M(M 4 ) inducing to the subspace of it which identifies with M(M 4 ), isomorphism of M(M 3 , D), while on the A-side the corresponding point in the moduli space M(W 4 ) is the large base limit V ol(P 1 ) → ∞ [32, 33] . Although the high order of g s terms are switched off at the decoupling point, the information of N = 1 superpotential remains in the leading term. On the A-model side of mirror pair (W 4 , M 4 ), the Kähler volume of the topological cycles π 4 in H 4 (W 4 , Z) computes the 'classical terms' of the flux superpotential, which match the double logarithmic terms of flux (G 4 ) superpotential on the B-model side as the solutions of generalized GKZ system [9] . The matching of classical terms determines the bulk potential and the superpotential among the periods integrals on the B-model side.
Enhanced polyhedra for Coulomb/Higgs phase
The Calabi-Yau manifolds we discuss in this paper are defined by the hypersurfaces in ambient space which is toric variety. We refer to [34] [35] [36] [37] for more detail about the background of toric geometry. The notation is as follows: (∇ 4 , ∆ 4 ) is a pair of mutually reflective polyhedrons and (W 3 , M 3 ) is a mirror pair of Calabi-Yau 3-fold defined by the hypersurfaces in ambient toric varieties (P Σ(∇ 4 ) , P Σ(∆ 4 ) ). The P Σ(∆ 4 ) is the toric variety with fan Σ(∆ 4 ) defined by a set of cones over the faces of ∆ 4 . The hypersurfaces M 3 is defined by p integral points of ∇ 4 as the zero locus of the polynomial P in the P Σ(∆ 4 )
where v * i,k means the k-th coordinate of the integral point v * i in ∇ 4 and the X k are local coordinates on a open torus (C * ) 4 ⊂ P Σ(∆ 4 ) . The coefficients a i are complex parameters related to the complex structure of M 3 . In the homogeneous coordinates x j on the toric ambient space, P can be rewritten as
(2.10)
The n parallel D-branes are defined by reducible divisor: 
group, product of n U (1)'s, and each U (1) group describes electromagnetism including the Coulomb field. Similar to the construction in ref. [38] , the combinatoric data of the parallel D-branes phase can be recovered in an one dimensional higher polyhedron∇ 5 defining the non-compact 4-foldW 4 . Then the relevant vertices shaping the∇ 5 arẽ
When parallel D-branes coincide and dissolved into each other, the U (1) × U (1) × ... × U (1) gauge group obtain an enhancement becoming SU (n) group corresponding to a phase transition to the Higgs branch of the gauge theory. Geometrically, the non-Abelian gauge group relates to the singularities on the Calabi-Yau manifolds. In Toric language the singular curve corresponds to a one-dimensional edge of the dual polyhedron with integral lattice points on it. The resolution process is standard in terms of toric geometry [39] . It adds all the interior points on the one-dimensional edges into the points configuration and each of these vertices corresponds an exceptional divisor in the blow-up of the CalabiYau manifolds. Notice that in the Coulomb phase we add n + 1 new points lying on the one-dimensional edge for the n parallel D-branes and the n − 1 interior points on the edge rightly resolve the Z n singularity. Furthermore, for the Z n curve singularity the intersection matrix of the exceptional divisors is proportional to the Cartan matrix of A n−1 with selfintersections normalized to −1. Inversely, if we remove the n − 1 interior points, we could recover the singular 4-fold which gives rise to the enhanced gauge symmetry SU (n) matching the expectation in the coincident D-brane system [23] .
In addition to compactify the non-compact fourfoldW 4 , we add one more point into the points configuration beneath the hyperplane Y = {v ∈ R 5 |v 5 = 0}. Together with the points for D-brane geometry, all the points define the enhanced polyhedron ∇ 5 corresponding to the compact Calabi-Yau 4-fold W 4 . The details are presented in the section 3.
Generalized GKZ systems, relative periods and local solutions
The relative periods satisfy a set of differential equations named Picard-Fuchs equations which share the solutions with a larger system, namely the generalized hypergeometric GKZ system. It has the following form:
where ϑ andθ are abbreviations of z∂ z andẑ∂ẑ. And the differential operators of the Picard-Fuchs equations can be derived from the GKZ system as follows:
where ϑ j = a j ∂ ∂a j are logarithmic derivatives with respect to the parameters a j , and the l a are the generators of Mori cone [40] [41] [42] [43] of P Σ(∇ 5 ) . They are also been known as the charge vectors of the gauged linear sigma model (GLSM) [44] for a = 1, ..., k = h 1,1 (W 4 ). Remarkably, on one hand the charge vectors l a correspond to the maximal triangulation of ∇ 5 . At the vicinity of the large complex structure limit point in the complex structure moduli space of M 4 , the local coordinates are given by
(2.15)
They are torus invariant algebraic coordinates on the large complex structure phase, where the non-perturbative instanton corrections are suppressed exponentially in. On the other hand once the generators of Mori cone have been chosen, the generators of Kähler cone are also determined result from the duality of Mori cone and Kähler cone. In other word, the basis J a of H 1,1 (W 4 ) can be settled down dual to the l a and naturally give the local coordinates t a around the large radius limit point mirror to the large complex structure point. The coordinates t a are also known as the flat coordinates.
On the F-theory side, the GKZ system is derived from the combinatoric data of the 5 dimensional polyhedra corresponding to the fourfolds. So the solutions relates to the periods of the fourfolds which equalize the open and closed string moduli. On the Type II theory side, the enhanced polyhedra corresponding to the D-brane geometry give rise to the GKZ system whose solutions encode the relative periods giving rise to the mirror maps and the physical potentials.
In terms of the periods of the fourfolds, according to the ref. [34] , the local solutions to the GKZ system can be derived from the fundamental period 16) using the Frobenius method. The whole periods vector reads 17) where n ∈ {1, ..., h} and h stands for the dimension of H 4 (M 4 ). The K i 1 i 2 ;n are the combinatoric coefficients of the second derivative of w 0 . Guided by the mirror hypothesis, the period vector Π(z) has a dual description on the A-side with the general form 18) where t i = Π 1,i /Π 0 are the flat coordinates. The coefficients K * i 1 i 2 ;n of leading terms relating to the classical sector in the periods can be easily determined once the 4-cycle π * 4 ∈ H 4 (W 4 , Z) relating to the 4-form flux G 4 has been selected. The constants b n are not relevant in our discussion and the F inst n stand for the instanton correction sector of the solutions. We demonstrate the detail in the section 3.
In terms of the relative periods of D-brane geometry, the entries of the relative period vector give rise to the mirror map, bulk potential and superpotential. The relative period vector is of the form 19) where t(t) are the flat coordinates on the moduli space. The solution
is determined only by the closed moduli, where F (t) is the N = 2 prepotential. It's corresponding part in the open sector is the superpotential W(t,t). The flat coordinates could be found at large radius regime of A-model and the large complex structure regime of B-model and it defines the mirror map as follows 20) where Π 0 , Π 1,i (z) and Π 1,i (z,ẑ) are selected basis of the relative periods with respect to the open-closed moduli. The instanton corrections are encoded as a power series expansion of q i = exp(2πit i ) andq i = exp(2πit i ): 
Models
In this section, we study the parallel phase and the coincident phase, namely the Coulomb and Higgs branch respectively, in three different D-brane models. Previously, it should be point out that we select the same compactifying pointṽ * c = (0, 0, 0, 0, −1) in terms of combinatoric data in all the cases 1 .
D-branes on the mirror quintic
The mirror of Quintic is defined as a degree 5 hypersurface P in the ambient toric variety P Σ(∆ 4 ) determined by the vertices of the polyhedron ∆ 4
The integral points in dual polyhedra ∇ 4 are
leading to the defining polynomial for the toric hypersurface
(3.3)
Parallel D-branes phase
We consider the parallel branes which are described by the reducible divisor D = D 1 + D 2 realized by the degree 8 homogeneous equation
The compactfying point is different from the choice in the [9] which picked other integral point on the hyperplane Y = {v ∈ R 5 |v5 = −1}. However, the detail of the P 1 compactification dominates the subleading terms in gs and would be irrelevant in the decoupling limit. 
The Kähler form is J = a k a J a , where J a denotes the basis of H 1,1 (W 4 ) dual to the Mori cone generated by (3.7). And k a are flat coordinates on the Kähler moduli space of the mirror four-fold W 4 . Then we choose the basis elements of H 4 (W 4 ) which are defined by intersections of the toric divisors D i corresponding to theṽ * i , namely
After changing the variables as follows to visualize the closed and open moduli
the leading terms of the periods arẽ
The classical periodΠ * 2,1 depends on k 4 which is a Kähler parameter come from the Kähler volume of the base P 1 relating to the strength of string coupling. It wouldn't contribute to the potential functions when Im k 4 goes to infinity in weak coupling limit. TheΠ *
2,2
only depends on the close moduli t and is supposed to be the leading term of the bulk potential function F t (t), whileΠ * 2,3 ,Π * 2,4 are supposed to lead the D-brane superpotential W(t,t) which depends on open (t) and closed (t) parameters both. It is more interesting thatΠ * 2,3 ,Π * 2,4 shows Z 2 symmetry with respect to the open modulit 1 andt 2 matching the expectation that the superpotentials contributed by the two Z 2 symmetric parallel branes should inherit the symmetry.
The instanton corrections of the period integrals are recorded in the solution of the generalized GKZ system corresponding to the enhanced polyhedron∇ 5 . We identify the bulk potential and the superpotentials with the exact solutions to the GKZ system which lead byΠ * 2,2 ,Π * 2,3 andΠ * 2,4 respectively. Following the Eq.(2.16), in terms of algebraic coordinates (2.15)
the fundamental period and the logarithmic periods,
12) solve the generalized GKZ system governed by charge vectors (3.7). The flat coordinates are given by
Then the mixed inverse mirror maps in terms of q i = exp(2πik i ) for {i = 1, 2, 3} are
According to the leading terms (3.10), we find the relative periods which corresponds to the closed-string period and D-brane superpotentials in the A-model as follows:
where q = exp(2πit),q 1 = exp(2πit 1 ) andq 2 = exp(2πit 2 ). Absolutely, the bulk potential F t (t) only depends on the closed modulus t and the D-brane superpotentials W 1 (t,t 2 ), W 2 (t,t 1 ) have kept the Z 2 symmetry with respect tot 1 andt 2 after adding the instanton correction meeting our anticipation.
To compare, here we also list the superpotential for the D-brane with one open deformation modulus [9] described by the divisor D 0 = φ 0 a 0 x 1 x 2 x 3 x 4 x 5 + a 1 x 5 1 as follows: 
Coincident D-branes phase
According to the enhanced polyhedron ∇ 5 , the defining polynomial of the the dual 4-fold M 4 on the B-model side is For simplifying the notation, we also denote the coefficients of the monomials in the polynomial as a i 's, and the relation between the notations in the D-brane geometry and the 4-fold are as follows:
(3.19)
When b 2 1 = 4b 0 b 2 , the defining equation for the parallel D-branes becomes: 20) which means the two individual D-branes coincide as φ 1 = φ 2 = φ. Correspondingly, the equivalent description a
gives rise to the perfect square (x 1 x 2 x 3 x 4 x 5 ± x 5 1 x 4 10 ) 2 in theP . Obviously M 4 becomes singular and the condition (3.21) constricts the complex moduli space of the 4-fold to a submanifold which is the coincident D-branes phase. The dual description of the coincident on the A-model side is the blow-down of the exceptional divisor developing the curve singularity on the W 4 .
The polyhedra of the N = 2 coincident D-brane in the mirror quintic is projected on the hyperplane spanned by x 1 , x 2 and x 5 in the Figure 1 . The pointsṽ * 6 ,ṽ * 7 ,ṽ * 8 lie on the one-dimensional edge and we ignore the interior pointṽ * 7 to recover the singularity corresponding to the coincidence of the branes. It is noticeable that the interior points on The Kähler form is J = a k a J a , where J a denotes the basis of H 1,1 (W 4 ) dual to the Mori cone generated by (3.22) . And k a are flat coordinates on the Kähler moduli space of the mirror four-fold W 4 . Then we choose basis elements (3.23) of H 4 (W 4 ) which are defined by intersections of the toric divisors D i corresponding to theṽ * i .
After transforming the variables as follows
the leading terms of the period integrals arẽ the fundamental period and the logarithmic periods,
27) solve the generalized GKZ system governed by charge vectors (3.22) . The flat coordinates are given by
Then the mixed inverse mirror maps in terms of q i = exp(2πik i ) for {i = 1, 2, 3} are We identify the bulk potential and the superpotentials (3.30) with the exact solutions to the GKZ system which lead byΠ * 2,2 andΠ * 2,3 respectively, where q = exp(2πit). Table 1 up to a transformation n 1 → n 1 , n 2 → n 2 = n 1 , n 3 → n 3 . When the two parallel D-branes coincide, phase transition appears and the singularities arise on the dual F-theory Calabi-Yau 4-fold since the blow-down of the exceptional divisors. In terms of gauge theory on the worldvolume of the D-branes, the gauge group is enhanced to the SU (2), and the Ooguri-Vafa invariants extracted from the coincident superpotential W c (t,t) are called the SU (2) Ooguri-Vafa invariants which are presented in Table 2 . As we mentioned, the invariants in the Table 1 are identified with the Ooguri-Vafa invariants of the D-brane system with one of the two parallel D-branes. Thus the results also demonstrates the difference between the single D-brane and the coincident two D-branes in terms of topological D-brane system, although they are the same submanifold from the viewpoint of the set theory.
For comparing the Ooguri-Vafa invariants of the two different phases, we display the first several terms of the absolute value of the U (1) and SU (2) Ooguri-Vafa invariants in one picture as the Figure 2 , Figure 3 and Figure 4 . We mark the positive data with the Delta and the original negative data with the point, connecting them with red lines for the parallel phase and blue lines for the coincident phase. In addition, the different scales are used for the parallel and coincident phases on the left and right vertical axis respectively considering the huge difference of data for the two phase. These markers are used in the figures appearing in all the following models. In the three figures, the Ooguri-Vafa invariants for parallel phase and the coincident phase distribute like wave-packet both when the index n 1 has been fixed. Generally the value of these invariants climb to a peak and then decrease to zero (or near zero in the coincident case) with the increase of n 2 . In the Figure 2 the index is fixed as n 1 = 0, the peak value of invariant for parallel phase is N 0,1,1 = 20 when n 2 = 1, while the peak value for coincident case is N 0,1 = 54 when n 2 = 1. The center of the two wave-packets are coincident and the duration of them are nearly the same. Since n 2 = 2 the red line goes along the horizontal axis N n 1 ,n 2 ,n 3 = 0, and the blue line fluctuate around the red line slightly. In the Figure 3 as n 1 is fixed at 1, the peak values for parallel phase are N 1,2,2 = 2040 and for coincident phase are N 1,5 = 1594208432/7 which is over 110000 times of N 1,2,2 .
The center of the red wave-packet is at n 2 = 2 while the center of the blue one shift right to the n 2 = 5. The durations of the two wave-packets become to 6 (parallel phase) and 10 (coincident phase) respectively. Again, as the increase of n 2 the red line and blue line drop down near the position of zero and almost coincident. In the Figure 4 the indexes are fixed as n 1 = 2, when n 2 = n 3 = 5 the value of invariant for parallel phase reach a peak N 2,5,5 = 1561100, the peak value for coincident case is N 2,10 = 3844468233749481849712 57057
which is nearly 40 billion times of the parallel phase peak. The red wave-packet (for parallel phase) is centered at n 2 = 5 with duration 10, while the blue one (for coincident phase) is centered at n 2 = 10 with duration 12.
To conclude, the value of peak for the coincident phase are bigger than the peak value for the parallel phase, and as the increase of the n 1 the difference of the peak values becomes extremely large. However, with the condition of various n 1 , the U (1) and SU (2) invariants drop to near zero both as the free index n 2 increasing. It should also be noticed that since n 1 = 1 the wave-packets for the two phases center at distinct locations. We can see when the two D-branes coincide the center of the wave-packets for the Ooguri-Vafa invariants seemly shift to the right side of the center for parallel phase, namely the direction of the larger n 2 . Moreover the coincident phase wave-packets have wider duration than ones for parallel phase. From the point view of physics, the Ooguri-Vafa invariants are interpreted as the number of the BPS states. Our calculation demonstrate that when the parallel Dbranes coincide the D-brane system generates totally different BPS states spectrum and in the coincident phase the structures of spectrum are more complicate. This phenomenon is a signal of the phase transition between the Coulomb branch and the Higgs branch. 
(3.33)
Parallel D-branes phase
We choose a reducible divisor D = D 1 + D 2 standing for the two parallel D-branes. It is realized by the degree 8 homogeneous equation The Kähler form is J = a k a J a for a = {1, 2, 3, 4, 5}, where J a denotes the basis of H 1,1 (W 4 ) dual to the Mori cone generated by l a in (3.36). And k a are flat coordinates on the Kähler moduli space of the mirror four-fold W 4 . Then we choose basis elements (3.37) of H 4 (W 4 ) which are defined by intersections of the toric divisors D i corresponding to thẽ v * i .
Selecting three interesting 4-cycles, namely γ 4 , γ 5 and γ 5 + γ 8 , in H 4 (W 4 , Z), the bulk potential and the superpotentials for the parallel branes are recovered. After changing the variables to visualize the closed (t) and open (t) moduli as follows
the leading terms corresponding to them arẽ
Similar to the one closed moduli case, theΠ * 2,1 depends only on the close moduli t 1 which leading the prepotential function F t (t) and theΠ * 2,2 ,Π * 2,3 leading the D-brane superpotentials are equipped with the Z 2 symmetry with respect to the open modulit 1 and t 2 , which is inherited from the symmetry of two parallel branes.
The instanton corrections of the period integrals are recorded in the solution of the generalized GKZ system corresponding to the enhanced polyhedron∇ 5 . We identify the bulk potential and the superpotentials with the exact solutions to the GKZ system which lead byΠ * 2,1 ,Π * 2,2 andΠ * 2,3 respectively. In algebraic coordinates (2.15)
41) solve the generalized GKZ system governed by charge vectors (3.36). The flat coordinates are given by
Then the mixed inverse mirror maps in terms of q i = exp(2πik i ) for {i = 1, 2, 3, 4} are where
The closed-string period F t (t) only depends on the closed modulus t 1 and t 2 . It is noticeable that even though the classical term is contributed by one close-string deformation only, the instanton corrections are received from both of two bulk parameters. The similar phenomenon emerges in the D-brane superpotentials W 1 (t,t 1 ), and W 2 (t,t 2 ). They are leaded by the classical part which relies on t 1 , but t 2 is observed in the quantum part. This phenomenon may not be noticed in a computation using the method of subsystem integral, since the calculation of leading terms would not be involved. Moreover, the Dbrane superpotentials W 1 (t,t 1 ), W 2 (t,t 2 ) show Z 2 symmetry with respect tot 1 andt 2 as what we observed in the last model.
Also we list the superpotential for the D-brane with one open-string modulus described by the divisor D 0 = φ 0 a 0 x 1 x 2 x 3 x 4 x 5 + a 3 x 4 3 as follows: 
Coincident D-branes phase
After constructing the enhanced polyhedron ∇ 5 , the defining polynomialP of the dual B-model 4-fold M 4 is written down as follows: We denote the coefficients of the monomials in the polynomial as a i 's, and the relations between the notations in the D-brane geometry and the 4-fold are
When two D-branes coincide, the defining equation for D-branes becomes: giving rise to the perfect square (a 0 x 2 x 3 x 4 x 5 ± x 4 3 ) 2 in theP . Obviously it gives rise to the singular curve on M 4 and the dual description of the coincident on the A-model side is the blow-down of the exceptional divisor developing the curve singularity on the W 4 .
The polyhedra of the N = 2 coincident D-brane geometry is projected in the 2 dimensional space spanned by x 1 , x 2 and x 5 in the Figure 5 . The pointsṽ * 7 ,ṽ * 8 ,ṽ * 9 lie on the one-dimensional edge and we ignore the interior pointṽ * 8 to recover the singularity corresponding to the coincidence of the branes.
The new charge vectors l a 's for the coincident D-branes phase are and the J a denotes the basis of H 1,1 (W 4 ) dual to the Mori cone generated by (3.51). Take the notation k a as the flat coordinates on the Kähler moduli space of the mirror four-fold W 4 . Then we choose basis elements (3.52) of H 4 (W 4 ) which are defined by intersections of the toric divisors D i corresponding to theṽ * i . After changing the variables as follows to visualize the closed and open moduli
we choose two interesting elements γ 4 and γ 5 in H 4 (W 4 ) corresponding to the leading terms of the period integrals as follows:
In (3.54), theΠ * 2,1 depends on the closed modulus t purely leading the bulk potential, and theΠ The instanton corrections of the period integrals are recorded in the solution of the generalized GKZ system corresponding to the enhanced polyhedron∇ 5 . We identify the bulk potential and the superpotentials with the exact solutions to the GKZ system which lead byΠ * 2,1 andΠ * 2,2 respectively. The algebraic coordinates are
The fundamental period and the logarithmic periods,
56) solve the generalized GKZ system governed by charge vectors (3.51). The flat coordinates are
Then the mixed inverse mirror maps in terms of q i = exp(2πik i ) for {i = 1, 2, 3} are 
The disk invariants of two phases
Similar to the superpotentials of D-branes on the mirror quintic, the Z 2 symmetry of the superpotentials W 1 (t,t 1 ) and W 2 (t,t 1 ) appears again in the parallel D-brane phase of the D-brane system, D-branes on the hypersurface X 8 (1, 1, 2, 2, 2). In this model, the W 1 (t,t 1 ) and W 2 (t,t 2 ) (3.44) are contributed by the two parallel D-branes which are parameterized by the open modulust 1 andt 2 respectively. Whent 0 =t 1 =t 2 they equal to the superpotential W 0 (t,t 0 ) (3.45) of the D-brane system which contains only one Dbrane as Eq.(3.46). It means in the parallel phase of this model there is no interaction between the two parallel topological D-branes too. The U (1) Oogrui-Vafa invariants extracted from the superpotential W 1 (t,t 1 ) are listed in the Table 3 and the superpotential W 1 (t,t 2 ) for the other brane gives the same invariants up to a transformation of the index n 1 → n 1 , n 2 → n 2 , n 3 → n 3 = n 1 , n 4 → n 4 . In the coincident phase, the phase transition corresponds to the blow-down of the exceptional divisors in the dual F-theory 4-fold generating the A 1 singularity. Meanwhile, the coincidence of the two D-branes give rise to an enhancement of the gauge group U (1) × U (1) → SU (2) in terms of gauge theory on the worldvolume of the D-brane. Table 4 presents the prediction of the SU (2) Ooguri-Vafa invariants which are extracted from the coincident D-brane superpotential W c (t,t). Table 3 and Table 4 display the first several terms of the Ooguri-Vafa invariants of the D-brane system in the parallel phase and the coincident phase respectively. The U (1) Ooguri-Vafa invariants are the same as the invariants derived from the single D-brane system, so the invariants in the Table 3 also stand for the disk invariants of the single Dbrane system. Although the two parallel D-branes locate on the same position and it looks like there is only one D-brane in the D-brane system in terms of set theory, the SU (2) disk invariants of the coincident D-brane geometry, in the Table 4 , are totally different from the data in the Table 3 , as the disk invariants of the single D-brane system. In the Figure 6, Figure 7 , Figure 8 and Figure 9 , we compare the absolute value of the Ooguri-Vafa invariants for parallel phase and the coincident phase of the D-brane system. Similarly the Ooguri-Vafa invariants shape wave-packets when the index n 1 and n 2 has been fixed. In the Figure 6 as n 1 = 0, n 2 = 0, the highest point among the red points (for parallel phase) is N 0,0,1,1 = 8 while the peak value for coincident phase is N 0,0,1 = 30. The two wave-packets are centered at n 3 = 1 both with the same duration 2. In the Figure 7 when n 1 = 0, n 2 = 1, it seems only half of the wave-packets appear in the picture and the peak values are 2 and 12 for the parallel phase and the coincident phase respectively. Both of them are centered at n 2 = 0 with half of duration 1. In the Figure 8 , there is a point N 1,0,1,1 = 0 distorts the red wave-packet, however generally the points for invariants of two phases form the wave-packets still. The red wavepacket (parallel phase) is centered at n 3 = 2, while the blue one (coincident phase) is centered at n 3 = 4 which is 2 units away from the center of red one on the right side. And their durations are 5 (parallel phase) and 8 (coincident phase) respectively. In the Figure 9 when the n 1 and n 2 are fixed at 1, the peak value of the Ooguri-Vafa invariants for parallel phase is N 1,1,1,1 = 240, while the largest number in the invariants for coincident phase is N 1,1,4 = 84793188/35 which is over 10000 times of the N 1,1,1,1 . The center of blue wave-packet shifts right 3 unit from the center of red wave-packet and the duration of coincident one (8) is wider than the parallel one (5) still.
In this model, we also find that the wave-packet for coincident phase are higher than the wave-packet for parallel phase, and the difference of hight between the wave-packets for two phases become larger as the index n 1 and n 2 increase. In all figures, with the increase of the index n 3 , the invariants for two phases become smaller and finally equal to or near to zero. Moreover, the wave-packet durations for the coincident phase are wider than the parallel phase and the center of the wave-packets for two phases are distinct. These diagrams reflect the spectrum of BPS states for the two different phases of the D-brane system. As we mentioned in the last model, the coincidence of the D-branes generates much more new states than the situation of parallel which means more complicate structure of spectrum and larger number of states at energy level in the spectrum. It suggests the emergence of the phase transition in this model. X 9 (1, 1, 1, 3, 3) In this model, the ambient toric variety P Σ(∆ 4 ) is determined by the lattice points in the polyhedron ∆ 4 as follows 3, 1, 1) ,
D-branes on hypersurface
The integral points in dual polyhedra ∇ 4 are (1, 1, 1, 1) .
(3.62)
Parallel D-branes phase
We realize the two parallel D-branes by the degree 8 homogeneous equation, The Kähler form is written as J = a k a J a for a = {1, 2, 3, 4, 5}, where J a denotes the basis of H 1,1 (W 4 ) dual to the Mori cone generated by l a in (3.65). Thus k a 's are flat coordinates on the Kähler moduli space of the mirror four-fold W 4 . Then we choose a set of basis (3.66) of H 4 (W 4 ) which are defined by intersections of the toric divisors D i corresponding to thẽ v * i .
Focus on three interesting 4-cycles, namely γ 1 , 2γ 2 + 3γ 4 and 2γ 2 + 3γ 3 + 3γ 4 , in H 4 (W 4 , Z) to compute the leading terms of the bulk potential and the superpotentials for the parallel branes. After changing the variables to visualize the closed (t) and open (t) moduli as follows
corresponding to the three selected 4-cycles respectively. Similar to the previous models, there is a leading term of the bulk potential function,Π * 2,1 , depends only on the close moduli t. Whereas theΠ * 2,2 ,Π * 2,3 leads the D-brane superpotentials which rely on the open-closed deformations and are equipped with the Z 2 symmetry which inherit from the two parallel branes. Now we compute the instanton corrections of the period integrals by matching the classical terms of the potential functions,Π * 2,1 ,Π * 2,2 andΠ * 2,3 , and the leading terms of the solutions of the generalized GKZ system corresponding to the enhanced polyhedron∇ 5 . Following the Eq.(2.16), in terms of algebraic coordinates (2.15)
the fundamental period and the logarithmic periods read
(3.70) The flat coordinates are
Then the mixed inverse mirror maps in terms of q i = exp(2πik i ) for {i = 1, 2, 3, 4} are According to the leading terms (3.68), we find the relative periods which corresponds to the closed-string period and D-brane superpotentials in the A-model as follows: 
where
. The closedstring period F t (t) only depends on the closed moduli t 1 and t 2 . Similar to the last two closed moduli model, even though the classical term depends on one closed string deformation only, the instanton corrections are determined by both of two bulk parameters. Analogously, Dbrane superpotentials W 1 (t,t 1 ), and W 2 (t,t 2 ) lead by the classical part which relies on t 1 (t 2 ), but t 2 (t 1 ) is observed in the quantum part. It's remarkable that the Z 2 symmetry of the D-brane superpotentials W 1 (t,t 1 ), W 2 (t,t 2 ) is also found in this model. Again we list the superpotential for the D-brane with one open deformation modulus described by the divisor D 0 = φ 0 a 0 x 1 x 2 x 3 x 4 x 5 + a 1 x 3 1 as follows: wheret 0 is the only open modulus andq 0 = exp(2πit 0 ). The W 1 (t,t 1 ) and W 2 (t,t 2 ) (3.73) are related with the superpotential W 0 (t,t 0 ) (3.74) by
whent 0 =t 1 =t 2 .
Coincident D-branes phase
Given the enhanced polyhedron ∇ 5 , the defining polynomial of the 4-fold M 4 reads P =a 1 x We still denote the coefficients of the monomials in the polynomial with a i 's, and the relation between the coefficients in P for the D-brane geometry and them inP for the 4-fold is as follows:
(3.77)
The coincidence of the D-branes is described by the equality of position parameters of different D-branes φ 1 = φ 2 = φ, then the defining equation for the parallel D-branes becomes
Correspondingly, the equivalent condition
gives rise to the perfect square (a 0 x 1 x 2 x 3 x 4 x 5 ± x 3 3 ) 2 in theP . The dual description of the coincident on the A-model side is the blow-down of the exceptional divisor developing the curve singularity on the W 4 .
The polyhedra of the N = 2 coincident D-brane geometry is projected on the hyperplane spanned by x 1 , x 4 and x 5 in the Figure 10 . The pointsṽ * 7 ,ṽ * 8 ,ṽ * 9 lie on the onedimensional edge and we ignore the interior pointṽ * 8 to recover the singularity corresponding to the coincidence of the branes. Then the points configuration is The J a are denoted as the basis of H 1,1 (W 4 ) dual to the Mori cone generated by (3.81) . Then the corresponding local coordinates k a are flat coordinates on the Kähler moduli space Figure 10 . projected polyhedra of the n = 2 coincident D-brane in the X 8 (1, 1, 1, 3, 3) of the mirror four-fold W 4 . We choose basis elements (3.82) of H 4 (W 4 ) which are defined by intersections of the toric divisors D i corresponding to theṽ * i .
We study two interesting elements γ 2 + 3γ 4 and γ 5 in H 4 (W 4 ) which give rise to the leading terms of the period integrals as follows:
It is noticeable that theΠ * 2,1 depends on the closed modulus t 1 and t 2 leading the bulk potential, and theΠ * 2,2 rely on closed (t) and open (t) modulus leading the superpotential. The number of open modulus have been reduced to one in the coincident phase and the position of the two coincident D-branes can be described by the only open modulus.
The instanton corrections of the period integrals can be derived from the solutions to the GKZ system. We identify the bulk potential and the superpotentials with the exact solutions to the GKZ system which lead byΠ * 2,1 andΠ * 2,2 respectively. According to (2.15), the algebraic coordinates are
And the mirror map relates them with the flat coordinates on the A-model side as follows:
Then the mixed inverse mirror maps in terms of q i = exp(2πik i ) for {i = 1, 2, 3} are give the same U (1) Ooguri-Vafa invariants up to an index transformation n 1 → n 1 , n 2 → n 2 , n 3 → n 3 = n 1 , n 4 → n 4 . We list the predictions of the U (1) Oogrui-Vafa invariants for W 1 (t,t 1 ) in the Table 5 . Remarkably, the data in the Table 5 are also stand for the invariants derived from the D-brane system with the only D-brane parameterized by the only open modulit 0 . When the two parallel D-branes coincide, the coincident D-brane in the Calabi-Yau 3-fold corresponds to the singular F-theory 4-fold in terms of Type II/F theory duality.
From the gauge theory point of view, the gauge group on the worldvolume of the Dbranes is enhanced to the non-Abelian group SU (2). Table 6 shows the SU (2) Ooguri-Vafa invariants extracted from the coincident D-brane superpotential W c (t,t).
The U (1) Ooguri-Vafa invariants for the individual D-brane are different from the SU (2) Ooguri-Vafa invariants for coincident D-brane, such as in Table 5 the first non-zero invariant is N 0,0,1 = 54 while in Table 6 the first non-zero invariant is N 0,0,2 = −9. It should be noticed that here we reduce the number of index using the condition n 1 = n 3 in the Table 5 . Indeed, for the individual D-brane superpotential W 1 (t,t 1 ) of the D-brane system with two parallel D-branes, there are only three independent index correspond to the two closed-string moduli t 1 , t 2 and one open-string modulit 1 . And it also meets the expectation for the independent number of index for the Ooguri-Vafa invariants of the single D-brane system which equals to 3 = 2(closed) + 1(open). In fact N n 1 ,n 2 ,n 4 are rightly the OoguriVafa invariants for the single D-brane system as we mentioned the D-brane system with the only D-brane parameterized by the only open modulit 1 . In this terms, the comparison of Table 5 and Table 6 shows that the disk invariants of the coincident D-brane geometry are different from the ones obtained from the single D-brane system, although these two D-brane geometry are equivalent in terms of set theory. Similar to what we have found in the two previous models, it is an evidence of the phase transition.
The following Figures show the distribution of the U (1) and SU (2) Ooguri-Vafa invariants when the index n 1 , n 2 are fixed at various values and we take the absolute value of the Ooguri-Vafa invariants making it easy to compare. The points for invariants of two phases generate the wave-packet respectively in this model too. In the Figure 11 when n 1 = 0 n 2 = 0, the hight of wave-packet for the parallel and coincident phase are 54 and 126 respectively, while the center of the two wave-packets are coincident and the duration of them are nearly the same. Similar to the last two models, since n 4 (n 3 ) = 2 , n 4 for parallel phase and n 3 for coincident phase, the U (1) and SU (2) Ooguri-Vafa invariants tend to become zero as the increase of n 4 (n 3 ). In the Figure 12 as n 1 = 0 n 2 = 1, all the points for the parallel phase are lie on the horizontal axis N n 1 ,n 2 ,n 3 ,n 4 = 0, while the only non-zero point for the coincident phase is N 0,1,0 = −90. In fact the red lines can be viewed as a wave-packet with hight zero and the blue lines form a half wave-packet. In the Figure 13 when n 1 = 1 n 2 = 0, the peak value of the Ooguri-Vafa invariants for parallel phase is N 1,0,1,1 = 108, while the highest point of blue is N 1,0,3 = −86697/5. The center of blue wave-packet shifts right 2 unit from the center of red wave-packet and the duration of coincident one (6) is wider than the parallel one (4). In the Figure 14 when n 1 = 1 n 2 = 1, the peak value for parallel phase is N 1,1,1,1 = 216, while the peak value for coincident phase is N 1,1,3 = 346788/5 which is over 320 times of the N 1,0,1,1 . In addition, the duration of the wave-packets for coincident phase is wider than it for parallel phase, to be precise, the durations are 6 and 4 respectively. Also we see the shift of the center of blue wave-packet comparing the center of red one obviously.
As what we find in the last two models, the wave-packets for coincident phase are higher and wider than the ones for parallel phase. With the increase of n 1 , n 2 , the gap of the peak values between the invariants of two phases become farther, while with the increase of n 4 (n 3 ) the value of invariants for two phases are getting closer and near to zero. Moreover the distinction of the center of wave-packet for two phases appears. These diagrams reflect the spectrum of BPS states for the two different phases of the D-brane system. As we mentioned, the coincidence of the D-branes generates more complicate state spectrum than the situation of parallel. It suggests the appearance of the phase transition in this model.
Summary and discussion
The D-brane superpotential plays a crucial role in both physics and mathematics. Physically speaking, they determine the vacuum of the low energy effective theory. In the view of Amodel, it is the generating functional of the Ooguri-Vafa invariants of Calabi-Yau manifold involving D-branes. These Ooguri-Vafa invariants are closely related to the number of the BPS states. Mathematically speaking, they count the holomorphic disks on Calabi-Yau manifolds. However, there is no systemical mathematical theory for these invariant up to now, the results in this paper provide a prediction of them. Furthermore, the study of the phase structure of D-brane system is also quite meaningful since the D-brane system gives rise to the different theories in various phases and bridges them through the phase transition.
In this paper, we study the parallel phase and the coincident phase of three different D-brane models with compact Calabi-Yau manifold compactification. They are also known as the Coulomb branch and the Higgs branch in the language of gauge theory and the phase transition connect the U (1) × U (1) × ... × U (1) gauge theory and SU (n) gauge theory on the worldvolume of D-branes when the n parallel D-branes approach to each other and melt into one. Using the open-closed duality, the D-brane superpotentials of different phases are obtained near the large radius limit point in the open-closed deformation space and the disk invariants are extracted from the instanton expansion of them.
In the parallel D-branes phase of all the three D-brane systems, namely the D-branes on the mirror quintic and the hypersurface in the weighted projective space P (1, 1, 2, 2, 2) and P (1, 1, 1, 3, 3 ) respectively, the results show the discrete Z 2 symmetry of the superpotentials contributed by each individual D-brane. Correspondingly, the U (1) Ooguri-Vafa invariants extracted from the superpotentials of the two parallel D-branes are the same up to a transformation of the index and are in agreement with the results derived from the Dbrane system which contains only one of the two parallel D-branes. In the coincident phase, although the submanifold corresponding to the D-brane system with coincident D-branes are the same as the submanifold corresponding to the D-brane system which contains only one D-brane in terms of the set theory, the Ooguri-Vafa invariants derived from the two systems are different in our calculation for each model. We present the first several order Ooguri-Vafa invariants with the figures and find that these points for parallel phase and the coincident phase form wave-packet both. In all three models, the wave-packets for parallel phase are higher than coincident phase. As the fixed index become bigger, the difference of the peak values becomes extremely large, while as the free index increasing, the U (1) and SU (2) Ooguri-Vafa invariants are getting closer and near to zero finally. Furthermore, when the two D-branes coincide the center of the wave-packets for the Ooguri-Vafa invariants seemly shift to the right side of the center of wave-packets for the parallel phase, namely the direction of the larger free index. In other words, the center of wave-packets for the two phases are at distinct locations. One more observation in our models is that generally the durations of the wave-packets for coincident phase are wider than the durations for parallel phase. All the observations suggest that the coincidence of two parallel D-branes leads to more complicate spectrum structure of BPS states. It can be interpreted as the evidence of the phase transition between the Coulomb branch and the Higgs branch.
Following, we will study non-abelian nature of superpotentials [45] [46] [47] [48] and the phase transition for more general D-brane system with multiple open-string deformation. We are going to understand in greater detail about the physical properties of the SU (2) Ooguri-Vafa invariants. Furthermore, we try to explain the rationality of these SU (2) invariants, find an multi-covering formula which encodes some index and search deeper relation between the SU (2) Ooguri-Vafa invariants and the SU (2) gauge theory. It is also interesting to calculate the D-brane superpotential from the A ∞ -structure in the derived category of coherent sheaves of Calabi-Yau manifold and path algebras of quivers. -4892  0  19536  1  -14136  137232  -733644  2675536  4301824  2  -19032  198576  -1077372  5602640  6751552  3  -1566  11744  -55820  341328  278016  4 0 0 0 0 0 Table 3 . U (1) Ooguri-Vafa invariants N n1,n2,n3,n4 for the superpotential W 1 (t,t 1 ) for one of the two parallel branes on the X 8 (1, 1, 2, 2, 2). Table 5 . U (1) Ooguri-Vafa invariants N n1,n2,n3,n4 for the superpotential W 1 (t,t) for one of the two parallel branes on the X 8 (1, 1, 1, 3, 3 ).
